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Abstract: Chiral rings of two-dimensional (2,2) theories coupled to 4d N = 2 theories
with matter hypermultiplets are studied. Specifically, the vacua of the twisted superpoten-
tial of the 2d theories with vanishing sum of matter charges are computed by considering
the resolvent of the bulk theory. The solutions to the chiral ring equations are also ob-
tained from the instanton partition function via Higgsing for simple surface operators and
via the orbifold description for full surface operators. These 2d/4d coupled theories are
lifted to 3d/5d theories and vacua are found similarly in two different methods: by solving
the 3d chiral ring equations taking into account the effect of 5d resolvent and by com-
puting the 5d instanton partition function in the presence of a surface operator. We also
check the Seiberg-like duality for both 2d/4d and 3d/5d coupled systems with a specific
Chern-Simons coefficient for the latter.
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1 Introduction
Surface defects which preserve some of the supercharges in supersymmetric gauge theories
have been studied extensively over the years [1–23]. In four dimensional N = 2 theories,
half-BPS surface defects can be described either as monodromy defects [1, 2] or as two-
dimensional degrees of freedom corresponding to N = (2, 2) gauged linear sigma models
(GLSM) coupled to the bulk theory [24, 25].
In this work, we focus on the two dimensional (2, 2) quiver GLSMs with a vanishing
sum of matter charges. The flavor symmetries are gauged by the 4d fields, which give
twisted masses to the chiral fields in two dimensions. In the Higgs branch, the GLSM flows
to a nonlinear sigma model and its target space is a non-compact Calabi-Yau [26, 27]. In
the Coulomb branch, after integrating out the matter chiral fields, the GLSM is described
by the twisted superpotential, which is a function of the adjoint scalar in the 2d vector
multiplet.
The twisted chiral ring equations are obtained by extremizing the twisted superpo-
tential with respect to the adjoint scalars. The effect of coupling to the 4d theory on the
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chiral ring equation is accounted by the four dimensional resolvent [16, 28]. Massive vacua
can be computed by solving the chiral ring equations around a classical vacuum in series
expansion of coupling constants. Evaluating the twisted superpotential at the solution,
one obtains the twisted superpotential that depends on both 2d and 4d gauge couplings.
It can be compared with the quantity found from the instanton partition function of the
bulk theory in the presence of the surface operator. Similar computation was carried out
in [29] when the 4d theory is N = 2 super Yang-Mills. Here, we consider surface defects
in 4d N = 2 theories with hypermultiplets.
We compute the instanton partition function in the presence of a surface operator
by two methods. For simple surface operators, Higgsing prescription is used [5]. This is
equivalent to the geometric transition picture, where a D2 brane appears at special values
of the Coulomb branch parameters in 4d SU(N) × SU(N) theory. It is also related to a
degenerate operator insertion in 2d WN CFT in the context of the AGT relation [3]. In 6d
perspective, these surface operators are M2-branes, which are codimension 4 defects [17].
The instanton partition function of a full surface operator can be computed by orbifold
method [11, 14, 15]. The 4d gauge group SU(N) is broken by the surface defect to a product
of U(nI)’s, where nI ’s are M integers, which is a partition of N . The instanton partition
function of the defect is equivalent to that in the orbifold space, C×C/ZM [30–32]. We use
the equivariant characters at the fixed points of the tangent space of the moduli space of
instantons in the orbifold, which have been known in the literature. From the 6d viewpoint,
this surface operator is engineered by an M5-brane as a codimension 2 defect. The relation
between codimension 2 and 4 defects is discussed in [33].
When the four dimensional theory has hypermultiplets, we find that the codimension
2 and 4 defects couple differently to the four dimensional hypermultiplets. For instance,
in 4d SU(2) SYM, a simple surface operator is equivalent to a full surface operator. So it
can be viewed either as a codimension 4 or 2 defect. When the 4d SU(2) theory has two
fundamentals and two anti-fundamentals, the codimension 4 defect couples to either two
fundamentals or two anti-fundamentals, whereas the codimension 2 defect couples symmet-
rically to one fundamental and one anti-fundamental. This can be seen from the instanton
partition functions computed by two different methods. We will consider examples of sim-
ple surface operators in SU(2) and SU(3) SCFTs and a full surface operator in SU(3)
theory with four hypermultiplets.
We also consider a 5d lift of the 4d theories by adding a circle. Defects in 5d, which
wrap around the circle direction, can be studied similarly. The 3d sigma model is described
by the twisted superpotential after all KK contributions are taken into account. The Chern-
Simons terms can be present in both 3d and 5d theory but we will consider the cases of zero
Chern-Simons levels. Five-dimensional dynamics affects the chiral ring relation through
the resolvent of the 5d theory.
There exists a duality of 2d theories corresponding to the same surface operator [34].
We study the Seiberg-like duality [35–37] for a simple surface operator in 4d SU(3) SCFT.
When the 4d theory is super Yang-Mills, it is a duality in the Grassmannian theory [38]. We
find a solution to the chiral ring equation of the dual SU(2) theory and find an agreement
with the U(1) theory. From the instanton partition function, the dual twisted superpoten-
– 2 –
tial can be obtained by dual Higgsing prescription. In 3d/5d theories, the duality holds
for a specific value of the Chern-Simons coefficient. In the example we are considering, it
turns out to be zero, whereas in the case of 5d SYM, it was found to be ±1/2.
In section 2, we discuss two dimensional sigma models coupled to 4d gauge theories.
The solutions to the chiral ring equations are computed in small couplings and shown to be
equivalent to the derivative with respect to the FI parameters of the twisted superpotential
evaluated at the solution. In section 3, the 3d sigma model description of surface defects
in 5d gauge theories are considered. Similar analysis is done with the 5d resolvents in
place of the 4d resolvents. In section 4, the vacuum solutions of the previous sections are
reproduced from the instanton partition functions. In section 5, evidences of the duality
are given both from the perspective of chiral ring equations and from instanton partition
functions. In section 6, we conclude with a few remarks for further study. In appendix A,
some results of quantum vev’s are listed.
2 Chiral rings for 2d GLSM coupled to 4d N = 2 theory
A surface operator as a monodromy defect is classified by a set of M integers ni with∑M
i=1 ni = N . The surface operator denoted as SU(N)[n1, ..., nM ] breaks the SU(N)
gauge group into a Levi subgroup L,
L = S[U(n1)× ...× U(nM )] (2.1)
on its world volume. The 2d description of the defect is an N = (2, 2) quiver GLSM with
rank rI of node I given by
rI =
I∑
i=1
ni . (2.2)
A bi-fundamental field connects each node and integrating them out leads to the effective
twisted superpotential.
In this section, we focus on the 2d quiver GLSMs, for which the sum of matter charges
vanishes and coupled to a 4d theory. Simple surface operators with L = S[U(1)×U(N−1)]
in N = 2 SU(N) SCFT with Nf = 2N hypermultiplets are a class of defects described by
these theories. For a quiver GLSM, we study a specific example that corresponds to a full
surface operator with L = S[U(1)3] in SU(3) SQCD with Nf = 4.
2.1 Sigma models for simple surface operators in N = 2 SCFT
A simple surface operator in 4d SU(N) SCFT can be described by the 2d GLSM with N
chirals of +1 charge with twisted mass Φ which is the scalar vev of 4d vector multiplet and
N chirals of -1 charge with twisted mass mf which is the mass of 4d hypermultiplet. Fig.
1 shows the quiver diagram of the system.
The twisted superpotential for the sigma model is given by
W = 2piiτ1σ +
N∑
f=1
ω(σ −mf )−
〈
Trω(σ − Φ)
〉
, (2.3)
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Figure 1. U(1) quiver of a simple surface operator in SU(N) gauge theory with Nf = 2N .
where τ1 is the complexified FI parameter, Tr denotes the trace over the matrix Φ, σ is the
scalar in the twisted field strength multiplet Σ, for which we have made no distinction in
writing the superpotential for notational convenience. The function w(x) is defined by
w(x) ≡ x
(
log
x
µ
− 1
)
, (2.4)
with an energy scale µ. The brackets in the last term of W denote the quantum vev of the
chiral field Φ in the 4d gauge theory. Vacua of the theory are determined by [39–41]
exp
(
∂W
∂σ
)
= 1 (2.5)
which results in the chiral ring equation
q1
N∏
f=1
(σ −mf ) = µN exp
〈
Tr log
σ − Φ
µ
〉
, (2.6)
where q1 = e
2piiτ1 . The righthand side is the integrated resolvent of the four dimensional
SU(N) SCFT with Nf = 2N [16],
exp
〈
Tr log
σ − Φ
µ
〉
=
(1 + q)PN (σ) +
√
(1 + q)2P 2N (σ)− 4qBNf (σ)
2µN
, (2.7)
where PN (σ) and BNf (σ) take the form
PN (σ) =
N∏
i=1
(σ − ei) , (2.8)
BNf (σ) = BL(x)BR(x) , (2.9)
with q the dimensionless gauge coupling of the four dimensional SCFT (with mass defor-
mation) and ei the quantum vev and
BL(σ) =
N∏
f=1
(σ −mf ) , BR(σ) =
N∏
f=1
(σ + m˜f ) . (2.10)
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Eq. (2.6) and (2.7) lead to the following twisted chiral ring equation
(1 + q)PN (σ) = q1BL(σ) +
q
q1
BR(σ) . (2.11)
Note that the two-dimensional scale µ drops from the equation, due to the same number
of chiral and antichiral. The twisted chiral ring relation (2.11) holds for all values of mf
and so it can be set to zero.
The ei’s can be found from the Seiberg-Witten curve of the bulk theory [42, 43], which
can be written in the form
y2 = (1 + q)2P 2N (x)− 4qBNf (x) , (2.12)
with the SW differential,
λ = xd log ((1 + q)PN (x) + y) . (2.13)
Once ei is obtained, one can solve the chiral ring equation for σ order by order in q1 and q.
Since the twisted superpotential W∗(σ∗(q1, q), q1) evaluated on a solution σ∗(q1, q) sat-
isfies
∂W
∂σ
∣∣∣∣
σ∗
= 0 , (2.14)
one obtains the following relation [29].
q1
dW∗
dq1
= q1
∂W∗
∂q1
= σ∗ (2.15)
This can be compared with the corresponding equation computed from ramified instanton
partition function.
U(1) sigma model coupled to SU(2) SCFT
A simple surface operator in SU(2) SCFT with Nf = 4 hypermultiplets corresponds to the
two-dimensional U(1) gauge theory with four matter fields of charge 1,1,-1,-1 coupled to
the four-dimensional theory. The SU(2) SCFT is coupled to the vacuum manifold of the
2d theory, which is the total space of O(−1)⊕O(−1) over CP1. The chiral ring equation
(2.11) for the surface defect is written
(1 + q)
2∏
i=1
(σ − ei) = q1
2∏
f=1
(σ −mf ) + q
q1
2∏
f=1
(σ + m˜f ) . (2.16)
In Appendix A.1, ei’s are computed in terms of a and q. With a choice of classical vacuum,
a, we write σ as
σ = a+
∑
i,j=1
sijq
i
1q
j , (2.17)
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and solve for sij . Then one finds
σ∗ = a+
q1
2a
2∏
i=1
(a−mi) + q
2aq1
2∏
i=1
(a+ m˜i)
+
q21
8a3
(3a2 + a(m1 +m2)−m1m2)
2∏
i=1
(a−mi)
+
q2
8a3q21
(3a2 − a(m˜1 + m˜2)− m˜1m˜2)
2∏
i=1
(a+ m˜i) + · · · , (2.18)
where
∑
mf =
∑
m˜f = 0 can be imposed.
One can see from the solution that one instanton decomposes into a vortex and an
instanton/anti-vortex contribution. At the second order, two instantons ramify into two
vortices and two instantons/two anti-vortices [34]. When four dimensional dynamics is
decoupled by q → 0, the solution consists only of vortex contributions.
Limits for theories of less flavors are well-defined in (2.16) and (2.18). For example,
when all mass parameters become large such that q1m1m2 → Λ21, qq1 m˜1m˜2 → Λ
4
Λ21
and
q → 0, where Λ1 and Λ are strong coupling scales for two and four dimensional theory,
respectively as in [29], the solution reduces to the massive vacuum of CP1 sigma model
coupled to pure super Yang-Mills. In this limit, the sigma model corresponds to SU(2)[1, 1]
surface operator in super Yang-Mills.
U(1) sigma model coupled to SU(3) SCFT
In this case, the sigma model is a U(1) theory with three chirals of +1 charge and three
chirals of -1 charge and it is coupled to 4d SU(3) gauge theory with three fundamental
hypermultiplets and three anti-fundamental hypermultiplets. This is an extension of a
Grassmanian sigma model for SU(3)[1, 2] surface operator coupled to SYM by including
matter hypermultiplets. The chiral ring equation (2.11) are written
(1 + q)
3∏
i=1
(σ − ei) = q1
3∏
f=1
(σ −mf ) + q
q1
3∏
f=1
(σ + m˜f ) . (2.19)
For simplicity, we consider massless limit, mf → 0 and m˜f → 0. With ei’s given in
Appendix A.1, the massive vacuum for a choice of classical vacuum a1 is found to be
σ∗ = a1 +
a31
(a1 − a2)(a1 − a3)
(
q1 +
q
q1
)
+
a51(a
2
1 + 3a2a3 − 2a1(a2 + a3))
(a1 − a2)3(a1 − a3)3
(
q21 +
q2
q21
)
+ · · · (2.20)
This 2d/4d system has dual description, where the 2d gauge group is SU(2), as shown
in Sec. 5.
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Figure 2. Quiver diagram of a full surface operator in SU(3) SQCD with 4 flavors. The arrow
from flavor group to each 2d gauge node represents one chiral multiplet.
2.2 Sigma model for full surface operator in SQCD
As a quiver sigma model example, we focus on a full surface operator in SU(3) theory with
four flavors. The 2d quiver theory has U(1)×SU(2) gauge group and the matter contents
consist of a bifundamental between the two nodes, two chirals of +1 charge at each node
from the bulk hypermultiplets in symmetric way, and at the SU(2) node three chirals of
-1 charge coupled to the four dimensional SU(3) gauge group. Fig. 2 shows the quiver
diagram. When the masses of hypermultiplets become large, this system approaches to the
sigma model of SU(3)[1, 1, 1] surface operator, whose target space is a flag variety, coupled
to super Yang-Mills.
The twisted superpotential is given by
W = 2piiτ1σ + 2piiτ2
2∑
i=1
σ˜i −
2∑
i=1
w(σ − σ˜i) + w(σ −m1) + w(σ + m˜1)
+
2∑
i=1
(
w(σ˜i −m2) + w(σ˜i + m˜2)
)
−
2∑
i=1
〈
Trw(σ˜i − Φ)
〉
, (2.21)
where τI is the FI parameter of I-th node and σ˜i the diagonal entry of the scalar in the
twisted chiral multiplet of the SU(2) node. From
exp
(
∂W
∂σ
)
= exp
(
∂W
∂σ˜i
)
= 1 , (2.22)
the twisted chiral ring relations are
2∏
i=1
(σ − σ˜i) = q1(σ −m1)(σ + m˜1) , (2.23)
exp
〈
Tr log(σ˜i − Φ)
〉
= q2(σ − σ˜i)(σ˜i −m2)(σ˜i + m˜2) , (2.24)
where qI = e
2piiτI . The four-dimensional theory couples not just to the SU(2) node but to
the first node as well.
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When the four-dimensional theory is decoupled, the second equation simplifies to
3∏
j=1
(σ˜i − Φj) = q2(σ − σ˜i)(σ˜i −m2)(σ˜i + m˜2) , (2.25)
where Φi is diagonal entry of Φ. In the limit of large masses such that q1m1m˜1 → −Λ21,
q2m2m˜2 → −Λ22, where ΛI is the UV scale of node I, the chiral ring relations (2.23) and
(2.25) reduce to the chiral rings of the sigma model for a flag variety.
From the four-dimensional resolvent, one has
exp
〈
Tr log(σ˜i − Φ)
〉
=
P3(σ˜i) +
√
P 23 (σ˜i)− 4Λ2B4(σ˜i)
2
, (2.26)
where Λ is the strong coupling scale of the 4d theory. The quantum vev ei can be computed
from the SW curve
y2 = P 23 (x)− 4Λ2B4(x) , (2.27)
and they are listed in Appendix A.1. Using (2.26), the second equation of the chiral ring
relations (2.24) can be written as
P3(σ˜i) = q2(σ − σ˜i)(σ˜i −m2)(σ˜i + m˜2) + q1q3 (σ˜i −m1)(σ˜i + m˜1)
(σ − σ˜i) , (2.28)
where we have defined Λ2 ≡ q1q2q3.
A massive vacuum can be found with a natural choice of classical vacua by writing
σ = a1 +
∑
i,j,k
sijk q
i
1q
j
2q
k
3 ,
σ˜i = ai +
∑
i,j,k
s˜ijk q
i
1q
j
2q
k
3 ,
for i = 1, 2. Solutions to (2.23) and (2.28) are found
σ∗ = a1 +
(a1 −m1)(a1 + m˜1)
a1 − a2 q1 −
1
a1 − a3 q3
+
(a1 −m1)(a1 + m˜1)(a21 − 2a1a2 + a2(m1 − m˜1) +m1m˜1)
(a1 − a2)3 q
2
1 −
1
(a1 − a3)3 q
2
3
− (a1 −m1)(a1 + m˜1)(a1(a2 − a3)− a2a3 + a3(m2 − m˜2) +m2m˜2)
(a1 − a2)(a1 − a3)(a2 − a3) q1q2
+
(a2 −m2)(a2 + m˜2)
(a1 − a2)(a1 − a3)(a2 − a3)q2q3 + · · · (2.29)
and
2∑
i=1
σ˜∗i = a1 + a2 +
(a2 −m2)(a2 + m˜2)
a2 − a3 q2 −
1
a1 − a3 q3
+
(a2 −m2)(a2 + m˜2)(a22 − 2a2a3 + a3(m2 − m˜2) +m2m˜2))
(a2 − a3)3
q22 −
1
(a1 − a3)3
q23
− (a1 −m1)(a1 + m˜1)(a1(a2 − a3)− a2a3 + a3(m2 − m˜2) +m2m˜2)
(a1 − a2) (a1 − a3) (a2 − a3) q1q2
+
a1a2 − a1a3 + a2a3 − a2(m1 − m˜1)−m1m˜1
(a1 − a2) (a1 − a3) (a2 − a3) q1q3 + · · · (2.30)
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As mentioned in (2.15), the on-shell twisted superpotential (2.21) satisfies
q1
dW∗
dq1
= σ∗ (2.31)
q2
dW∗
dq2
=
2∑
i=1
σ˜∗i, . (2.32)
These relations will be used to compare the results in Sec. 4.
3 3d sigma models coupled to 5d N = 1 theories
The theories considered in the previous section can be lifted to three-dimensional quivers
coupled to five-dimensional N = 1 theories compactified on a circle. A Kaluza-Klein mode
on a circle of circumference β contributes to the twisted superpotential by w(x+2pin/β) =
(x+ 2pin/β) log((x+ 2pin/β)/µ− 1) for an integer n. The regularized sum can be defined
L(x) ≡
∑
n∈Z
w
(
x+
2piin
β
)
(3.1)
such that
∂L(x)
∂x
=
∑
n∈Z
log
(
x
µ
+
2piin
βµ
)
= log
(
2 sinh
βx
2
)
(3.2)
and as β → 0,
L(x)→ x(log βx− 1) . (3.3)
Since µ is the UV scale, the identification β = 1/µ can be made and L(x) goes back to
w(x) in the β → 0 limit [29]. The function L(x) plays the role of w(x) in the previous
section, so the twisted superpotential is written in terms of L(x) in place of w(x).
In 3 and 5 dimension, Chern-Simons terms can be present in the twisted superpotential
[44]. In the following, we will set 5d Chern-Simons terms to zero and discuss 3d Chern-
Simons terms only.
3.1 Sigma models for simple defects in 5d SU(N) theory with Nf = 2N
A simple defect in 5d N = 1 SU(N) theory with 2N matter hypermultiplets has a de-
scription of the 3d lift of the sigma model for the simple surface operator in Sec. 2.1. The
quiver diagram is illustrated in Fig. 3.
One can write the twisted superpotential as [39, 45]
W = 2piiτ1σ − βk
2
σ2 +
N∑
f=1
L(σ −mf )−
〈
TrL(σ − Φ)
〉
, (3.4)
where Φ = A0 + iφ in terms of the 5d gauge field in the circle direction and 5d real scalar in
the N = 1 vector multiplet. The second term is the contribution from the Chern-Simons
term, coming from integrating out massive chiral fields. The chiral ring relation becomes
q1e
−βkσ
N∏
f=1
2 sinh
β(σ −mf )
2
= exp
〈
Tr log
(
2 sinh
β(σ − Φ)
2
)〉
. (3.5)
– 9 –
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Figure 3. U(1) quiver of a simple defect in SU(N) gauge theory with Nf = 2N . The subscript k
denotes the Chern-Simons coefficient.
The effect of coupling to five dimensional theory can be seen through the five dimen-
sional SW curve [46–48],
Y 2 = (1 + q)2P̂ 2N (x)− 4qB̂Nf (x) , (3.6)
where the polynomials P̂N (x) and B̂Nf (x) are
P̂N (x) =
N∏
i=1
2 sinh
β(x− êi)
2
,
B̂Nf (x) =
N∏
f=1
(
2 sinh
β(x−mf )
2
) N∏
f=1
(
2 sinh
β(x+ m˜f )
2
)
. (3.7)
The quantum vev êi is obtained by integrating the SW differential,
λ̂ = x d log((1 + q)P̂N (x) + Y ) , (3.8)
which is done in Appendix A.2. The five dimensional resolvent is defined by [49]
T̂ (x) ≡
〈
Tr coth
β(x− Φ)
2
〉
=
2
β
∂
∂x
〈
Tr log
(
2 sinh
β(x− Φ)
2
)〉
. (3.9)
From the SW differential (3.8), the resolvent can also be written as
T̂ (x) =
2
β
 (1 + q)P̂ ′N√
(1 + q)2P̂ 2N − 4qB̂Nf
−
(1 + q)P̂N B̂
′
Nf
2B̂Nf
√
(1 + q)2P̂ 2N − 4qB̂Nf
+
B̂′Nf
2B̂Nf
 ,
where ′ denotes the derivative with respect to x. Thus, the right-hand side of (3.5) satisfies
exp
〈
Tr log
(
2 sinh
β(σ − Φ)
2
)〉
=
(1 + q)P̂N (σ) +
√
(1 + q)2P̂ 2N (σ)− 4qB̂Nf (σ)
2
,
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and the chiral ring equation for the defect is
(1 + q)P̂N (σ) = q1S
−kB̂L(σ) +
q
q1
SkB̂R(σ) , (3.10)
where S ≡ eβσ and
B̂L(x) =
N∏
f=1
2 sinh
β(x−mf )
2
, B̂R(x) =
N∏
f=1
2 sinh
β(x+ m˜f )
2
. (3.11)
so that B̂Nf = B̂LB̂R. Note that the four dimensional limit β → 0 of (3.10) is well defined
and consistent with the chiral ring in 4d, (2.11).
The limit of SYM can be taken by letting |mf | and |m˜f | to infinity with a suitable
choice of Chern-Simons coefficient. Since the mass parameters satisfy
N∑
f=1
mf =
N∑
f=1
m˜f = 0 , (3.12)
one can take p of the mf ’s to +∞ and N − p of them to −∞. Similarly for m˜f ’s. Then
B̂L(σ) becomes proportional to the factor of e
β
2
(2p−N)σ and B̂R(σ) to e−
β
2
(2p−N)σ. For the
SYM limit, these σ dependent factors must be canceled. Thus, Chern-Simons factors for
k =
2p−N
2
, (3.13)
should be chosen for the sigma model of a simple defect when coupled to SYM. For example,
k = 0 for N = 2 and k = ±12 for N = 3.
The logarithmic derivative of the twisted superpotential (3.4) with respect to the ex-
ponential of FI parameter evaluated at a vacuum solution σ∗ has the following property
q1
dW∗
dq1
= σ∗ (3.14)
as before.
U(1) sigma model coupled to 5d SU(2) theory with Nf = 4
We consider the sigma model with flavor symmetry SU(2)×SU(2) for the simple defect in
five dimension. The matter charges are 1,1,-1,-1 as in the 2d/4d example. The chiral ring
relation is given by (3.10) with N = 2 and k = 0. A vacuum solution is found by using the
expression of êi given in Appendix A.2
σ∗ = a+
B̂L(a)
2β sinhβa
q1 +
B̂R(a)
2β sinhβa
q
q1
+
B̂L(a)
(
sinh β(a+m1)2 sinh
β(a−m2)
2 + sinhβa sinh
β(a−m1)
2 cosh
β(a−m2)
2
)
2β sinh3 βa
q21
+
B̂R(a)
(
sinh β(a−m˜1)2 sinh
β(a+m˜2)
2 + sinhβa sinh
β(a+m˜1)
2 cosh
β(a+m˜2)
2
)
2β sinh3 βa
q2
q21
+ · · · (3.15)
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As β → 0, we recover the 2d result (2.18).
To see the SYM limit, note that the mass parameters satisfym1+m2 = m˜1+m˜2 = 0. So
for the limit of m1, m˜2 → +∞, the dominant factors eβ(m1−m2)/2q1 and e−β(m˜1−m˜2)/2(q/q1)
are taken to −β2Λ21 and −β2Λ4/Λ21, respectively. The above σ∗ then becomes
σ∗ = a+
β
2 sinhβa
(
Λ21 +
Λ4
Λ21
)
− β
3 coshβa
8 sinh3 βa
(
Λ41 +
Λ8
Λ41
)
+ · · · , (3.16)
which is the vacuum solution for SU(2)[1, 1] defect in 5d super Yang-Mills given in [29].
U(1) sigma model coupled to 5d SU(3) theory with Nf = 6
The flavor symmetry of the sigma model is SU(3)×SU(3), where the matter contents are
three fundamental chirals and three anti-fundamental chirals. We take massless limit again
with vanishing Chern-Simons term for simplicity. A solution to the chiral ring equation is
obtained
σ∗ = a1 +
2 sinh3 βa12
β sinh β(a1−a2)2 sinh
β(a1−a3)
2
(
q1 +
q
q1
)
+
sinh5 βa12
32β sinh3 β(a1−a2)2 sinh
3 β(a1−a3)
2
(
5 cosh
β(a1 − a2 − a3)
2
+ cosh
β(3a1 − a2 − a3)
2
−3 cosh β(a1 + a2 − a3)
2
− 3 cosh β(a1 − a2 + a3)
2
)(
q21 +
q2
q21
)
+ · · · (3.17)
The solution is consistent with its four-dimensional version (2.20) in the limit of small β.
3.2 Sigma model for full defect in 5d SQCD
This is the case of U(1)×SU(2) sigma model coupled to 5d SU(3) gauge theory with four
flavors. The quiver diagram is drawn in Fig. 2. With zero Chern-Simons coefficient, the
twisted superpotential is just (2.21) with w(x) replaced by L(x),
W = 2piiτ1σ + 2piiτ2
2∑
i=1
σ˜i −
2∑
i=1
L(σ − σ˜i) + L(σ −m1) + L(σ + m˜1)
+
2∑
i=1
(
L(σ˜i −m2) + L(σ˜i + m˜2)
)
−
2∑
i=1
〈
TrL(σ˜i − Φ)
〉
. (3.18)
Twisted chiral ring relations are in the form of (2.23) and (2.28) with factors of the hyper-
bolic sine function. For the U(1) node, it is given by
2∏
i=1
(
2 sinh
β(σ − σ˜i)
2
)
= q1
(
2 sinh
β(σ −m1)
2
)(
2 sinh
β(σ + m˜1)
2
)
, (3.19)
For the SU(2) node, we need data from the bulk theory. The SW curve is
Y 2 = P̂ 23 (x)− 4(βΛ)2B̂4(x) , (3.20)
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where Λ is the strong coupling scale, and the characteristic polynomial B̂4(x) is given by
B̂4(x) =
2∏
f=1
(
2 sinh
β(σ˜i −mf )
2
) 2∏
f=1
(
2 sinh
β(σ˜i + m˜f )
2
)
. (3.21)
Using the relation from the 5d resolvent
exp
〈
Tr log
(
2 sinh
β(σ˜i − Φ)
2
)〉
=
P̂3(σ˜i) +
√
P̂ 23 (σ˜i)− 4(βΛ)2B̂4(σ˜i)
2
, (3.22)
the chiral ring equation for the second node is written
P̂3(σ˜i) = q2
(
2 sinh
β(σ − σ˜i)
2
)(
2 sinh
β(σ −m2)
2
)(
2 sinh
β(σ + m˜2)
2
)
+ q1q3
(
2 sinh
β(σ − σ˜i)
2
)−1(
2 sinh
β(σ −m1)
2
)(
2 sinh
β(σ + m˜1)
2
)
,(3.23)
with q3 ≡ (βΛ)2/q1q2.
A vacuum solution is found to be
σ∗ = a1 +
2 sinh β(a1−m1)2 sinh
β(a1+m˜1)
2
β sinh β(a1−a2)2
q1 − 1
2β sinh β(a1−a3)2
q3 + · · · ,
2∑
i=1
σ˜∗i = a1 + a2 +
2 sinh β(a2−m2)2 sinh
β(a2+m˜2)
2
β sinh β(a2−a3)2
q2 − 1
2β sinh β(a2−a3)2
q3 + · · · .
(3.24)
When β goes to zero, it reproduces the 4d result of (2.29) and (2.30) for massless case.
4 Twisted superpotential from instanton partition function
In this section, the twisted superpotential of the theories considered in the previous sections
are derived from instanton partition function. Higgsing method is used for simple surface
operators and orbifold construction for full surface operators. Then similar computations
are carried out for the corresponding 3d/5d coupled systems.
4.1 Higgsing the instanton partition function
In brane construction, SU(N) × SU(N) quiver theory with Nf = 2N can be engineered
by a stack of N D4 branes with three NS5 branes intersecting them. A simple surface
operator can be realized by moving the middle NS5 brane in the transverse direction with
a D2 brane stretched between the NS5 brane and one of the D4 branes.
We introduce the notation
E(x, Y,W, s) = x+ 1(wi − j)− 2(yTj − i+ 1), (4.1)
where s = (i, j) ∈ Y is a box in the Young diagram Y with vertical position i and horizontal
position j. The quantity wi is the length of ith row in W and y
T
j is the height of jth column
in Y .
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The contribution of a bifundamental multiplet of mass µ charged under two gauge
groups whose scalar vevs and Young diagrams are ~a, Ym and ~b, Wn is given by
(E(am − bn, Ym,Wn, s)− µ)(E(bn − am,Wn, Ym, t) + µ+ ) , (4.2)
with  ≡ 1 + 2. A matter hypermultiplet of mass mf in the fundamental representation
contributes by a factor
F (am, Ym, s,mf ) = am − (j − 1)1 − (i− 1)2 +mf . (4.3)
The instanton partition function of SU(N) × SU(N) quiver theory with a bifunda-
mental and N fundamentals at each end can be written as [5]
Z(~a,~b) =
∑
~Y , ~W
z|~Y |z˜| ~W |
N∏
m,n=1
∏
s∈Ym
(E(am − bn, Ym,Wn, s)− µ)
∏N
f=1 F (am, Ym, s,mf )
E(am − bn, Ym, Yn, s)(E(am − bn, Ym, Yn, s) + )
×
∏
t∈Wm
(E(bm − an,Wm, Yn, t) + µ+ )
∏N
f=1 F (bm,Wm, t, m˜f )
E(bm − bn,Wm,Wn, t)(E(bm − bn,Wm,Wn, t) + ) , (4.4)
where for the first gauge group, z is the instanton counting parameter, ~Y = (Y1, Y2, ..., YN )
the N -tuple of Young diagrams, |~Y | the total number of boxes in ~Y , and ~a = (a1, a2, ..., aN )
the vev of adjoint scalar. Similarly z˜, ~W , ~b, | ~W | are defined for the second gauge group.
For SU(N), the vevs satisfy
∑
m am =
∑
n bn = 0. We also require the mass parameters
be subject to
∑
mf =
∑
m˜f = 0.
The instanton partition function in the presence of a simple surface operator is obtained
by setting the bn and µ to special values [50],
~b = ~a+ (2, 0, 0, ..., 0) , µ = 0 . (4.5)
An equivalent prescription in the context of the AGT relation [51] is
~b = ~a+ 2κ1 , µ =
2
N
, (4.6)
where κ1 =
1
N (N − 1,−1, ...,−1) is the fundamental weight of the AN−1 Lie algebra [14].
After imposing these constraints, the twisted superpotential can be extracted from the
instanton partition function for small Ω deformation parameters 1 and 2
logZ(~a) = − F
12
+
W
1
+ · · · , (4.7)
where F is the prepotential of the bulk theory andW is the effective twisted superpotential
of the degrees of freedom localized on the surface.
SU(2)[1,1] surface operator in SU(2) SCFT
The Higgsing prescription becomes
~b = ~a+ 2(1, 0) , µ = 0 . (4.8)
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The ramified instanton partition function is given by
Z[1, 1] = 1 +
(a−m1)(a−m2)
1(2a+ 1 + 2)
z +
(a+ m˜1 + 2)(a+ m˜2 + 2)
1(−2a+ 1) z˜ + · · · , (4.9)
where a = a1. The parameters z and z˜ are mapped to the sigma model parameters as
z = q1 , z˜ =
q
q1
. (4.10)
The logarithmic derivative of W with respect to q1 yields
q1
dW
dq1
=
1
2a
(a−m1)(a−m2)q1 + 1
2a
(a+ m˜1)(a+ m˜2)
q
q1
+
(a−m1)(a−m2)(3a2 −m1m2)
8a3
q21 +
(a+ m˜1)(a+ m˜2)(3a
2 − m˜1m˜2)
8a3
q2
q21
+ · · · , (4.11)
which agrees with the result in (2.18).
SU(3)[1,2] surface operator in SU(3) SCFT
The Higgsing prescription is
~b = ~a+ 2 (1, 0, 0) , µ = 0 . (4.12)
The Higgsed instanton partition function is given by
Z[1, 2] = 1 + z
(
(1 + 22)
∏3
f=1(a1 −mf )
12(a1 − a2)(a1 − a3) +
(a1 − a2 + 1 + 22)
∏3
f=1(a2 −mf )
12(a2 − a1)(a2 − a3)(a1 − a2 + )
+
(a1 − a3 + 1 + 22)
∏3
f=1(a3 −mf )
12(a3 − a1)(a3 − a2)(a1 − a3 + )
)
−z˜
∏3
f=1(a1 + m˜f + 2)
1(a2 − a1 + 1)(a3 − a1 + 1) + · · · , (4.13)
from which we obtain the effective twisted superpotential and its derivative. With the
identification (4.10),
q1
dW
dq1
=
∏3
f=1(a1 −mf )
(a1 − a2)(a1 − a3)q1 +
∏3
f=1(a1 + m˜f )
(a1 − a2)(a1 − a3)
q
q1
+ · · · (4.14)
This solution agrees with (2.20) for massless case. We checked the matching up to third
order.
4.2 Orbifolded instanton partition function
The instanton partition function of SYM can be obtained from the characters at fixed
points of the tangent space of the moduli space under U(1)2 × U(1)N , whose equivariant
parameters are i and ai. It was observed that the moduli space of instantons in the
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presence of a surface defect is equivalent to the moduli space of instantons on an orbifold
C× (C/ZM ), where M is the integer characterizing the defect as in (2.1).
For a full surface operator (M = N), the character of a hypermultiplet of mass µ in the
bifundamental representation of U(N)×U(N) with a set of Young diagrams λ = (λ1, λ2, ...)
and ξ = (ξ1, ξ2, ...) can be written [6, 11]
χbif(a, a˜, λ, ξ, µ) =
e−µ
N∑
k=1
∑
l′≥1
eak−a˜k−l′e−2
(⌊
l′−k
N
⌋
−b− kN c
) ξk−l′l′∑
s=1
e−1s
−e−µ
N∑
k=1
∑
l≥1
∑
l′≥1
eak−l+1−a˜k−l′e−2
(⌊
l′−k
N
⌋
−b l−k−1N c
)(
e−1ξ
k−l′
l′ − 1
) λk−l+1l∑
s=1
e−1(s−λ
k−l+1
l )
+e−µ
N∑
k=1
∑
l≥1
∑
l′≥1
eak−l+1−a˜k−l′+1e−2
(⌊
l′−k−1
N
⌋
−b l−k−1N c
)(
e−1ξ
k−l′+1
l′ − 1
) λk−l+1l∑
s=1
e−1(s−λ
k−l+1
l )
+e−µ
N∑
k=1
∑
l≥1
eak−l+1−a˜ke−2(b−kN c−b l−k−1N c)
λk−l+1l∑
s=1
e−1(s−λ
k−l+1
l ) , (4.15)
where bxc is the floor function, which denotes the largest integer smaller than x. In this
orbifold construction, the Young diagrams and adjoint scalars are periodically identified:
λi+N ≡ λi, ai+N ≡ ai and similarly for ξi and a˜i.
From the above character, we obtain the characters of vector multiplet and N hyper-
multiplets of masses M = (M1,M2, ...,MN ) and M˜ = (M˜1, M˜2, ..., M˜N ) in the fundamental
and antifundamental representation,
χvec(a, λ) = −χbif(a, a, λ, λ, 0) ,
χN fund(a,M, λ) = χbif(a,M, λ, ∅, 0) ,
χNafund(a, M˜ , ξ) = χbif(−M˜, a, ∅, ξ, 0) ,
where M and M˜ are periodically identified as well.
The characters take the form
χ(λ) =
∑
i
sie
wi(λ) , (4.16)
where si is ±1. The instanton partition function of a single SU(N) gauge group in the
presence of a full surface operator is computed in the form of
Z =
∑
λ
yki1 · · · ykNN Zk1,...kN (λ), (4.17)
where yi is a ramified instanton counting parameter and the instanton number ki is given
by
ki =
∑
j≥1
λi−j+1j , (4.18)
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and Zk1,...,kN (λ) is the product of weights wi in the numerator for si = 1 and in the
denominator for si = −1.
The ramified instanton partition function of SU(3)[1,1,1] surface operator in SU(3)
theory with Nf = 6 flavors are computed
Z[1, 1, 1] = 1− y1 (a1 −M1)(a1 + M˜2 + 1)
1(a1 − a2 + 1) − y2
(a2 −M2)(a2 + M˜3 + 1)
1(a2 − a3 + 1)
−y3 (a3 −M3)(a3 + M˜1 + 1 + 2)
1(a3 − a1 + 1 + 2) + · · · (4.19)
We are going to impose a constraint
∑
Mi =
∑
M˜i = 0 on mass parameters. Also, we
impose on yi
y3 =
y
y1y2
, (4.20)
where y is the counting parameter in the absence of surface operator.
The twisted superpotential is extracted from the partition function and then its deriva-
tives with respect to y1 and y2 are found
y1
dW
dy1
= −y1 (a1 −M1)(a1 + M˜2)
a1 − a2 −
y
y1y2
(a3 −M3)(a3 + M˜1)
a1 − a3 + · · ·
y2
dW
dy2
= −y2 (a2 −M2)(a2 + M˜3)
a2 − a3 −
y
y1y2
(a3 −M3)(a3 + M˜1)
a1 − a3 + · · · (4.21)
If the parameters are mapped for i = 1, 2
yi = −qi , Mi = mi , M˜i+1 = m˜i (4.22)
and the limit yM3M˜1 → −Λ2 is taken to have Nf = 4 hypermultiplets, we get the same
solution as in (2.29) and (2.30). This agreement is checked up to second order.
4.3 Twisted superpotential from 5d instanton partition function
Apart from Chern-Simons contribution, the 5d instanton partition function in the presence
of a surface operator can be obtained from the corresponding 4d case by replacing each
factor to the hyperbolic sine function [47, 48, 52, 53]. For example, the factors for the first
gauge group in (4.4) are converted to
2 sinh
(
β
2 (E(am − bn, Ym,Wn, s)− µ)
)∏N
f=1 2 sinh
(
β
2F (am, Ym, s,mf )
)
2 sinh
(
β
2E(am − bn, Ym, Yn, s)
)
2 sinh
(
β
2 (E(am − bn, Ym, Yn, s) + )
) . (4.23)
The Higgsing prescription (4.5) applies to the five dimensional cases as well. Thus, in
the case of SU(2)[1, 1] operator in 5d SU(2) theory with Nf = 4, we find that
Z5d[1, 1] = 1 + z
sinh β(a−m1)2 sinh
β(a−m2)
2
sinh β12 sinh
β(2a+1+2)
2
+ z˜
sinh β(a+m˜1)2 sinh
β(a+m˜2)
2
sinh β12 sinh
β(−2a+1)
2
+ · · · (4.24)
This result gives the twisted superpotential whose derivative with respect to q1 agrees with
the corresponding sigma model result of (3.15).
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Similarly, the partition function of SU(3)[1, 2] operator in 5d SU(3) theory withNf = 6
is just the four dimensional expression (4.13) with each factor f replaced by 2 sinh(βf/2).
It gives the twisted superpotential, which agrees with the sigma model result in (3.17).
In the orbifold construction, the 5d instanton partition function is given by the product
of 2 sinh(βwi/2), where wi is a weight in the character (4.16). Then for a full surface defect
in 5d SU(3) theory with Nf = 4, the derivatives of the twisted superpotential are computed
y1
dW5d
dy1
= −y1
2 sinh β(a1−M1)2 sinh
β(a1+M˜2)
2
β sinh β(a1−a2)2
− y
y1y2
2 sinh β(a3−M3)2 sinh
β(a3+M˜1)
2
β sinh β(a3−a1)2
+ · · · ,
y2
dW5d
dy2
= −y2
2 sinh β(a2−M2)2 sinh
β(a2+M˜3)
2
β sinh β(a2−a3)2
− y
y1y2
2 sinh β(a3−M3)2 sinh
β(a3+M˜1)
2
β sinh β(a1−a3)2
+ · · · .
Parameters are mapped as in (4.20) and (4.22). If large |M3| and |M˜1| limit is taken such
that
y
(
2 sinh
β(a3 −M3)
2
)(
2 sinh
β(a3 + M˜1)
2
)
−→ (βΛ)2 , (4.25)
one finds the identical result as in the 3d sigma model vacuum (3.24). In all of the cases
above, agreements are confirmed up to second order.
5 Duality of theories for surface defect
The 2d quiver theory for the surface operator of type SU(N)[n1, n2, ...nM ] with nI ≤ nI+1
coupled to pure SYM is dual to a quiver theory, whose rank r˜I of node I is given by
r˜I = N − rI =
M∑
J=I+1
nJ , (5.1)
with the arrow of bifundamental connecting two nodes reversed. In the dual theory, node
one with rank r˜1 is coupled to the four-dimensional gauge group and r˜I > r˜I+1 [29]. For
example, the U(1) theory for SU(3)[1, 2] surface operator in SYM has a dual description
which is SU(2) theory coupled to SYM. In this section, we observe that this duality extends
to the case where the bulk theory has hypermultiplets. Fig. 4 shows the quiver diagram of
the dual SU(2) theory.
The effective twisted superpotential of the dual SU(2) theory with three chirals of +1
charge and three chirals of -1 charge can be written
Wd = 2piiτd
2∑
i=1
σdi +
2∑
i=1
3∑
f=1
w(−σdi +mf )−
2∑
i=1
Tr
〈
w(−σdi + Φ)
〉
, (5.2)
where τd and (σd)i are the FI parameter and the diagonal component of adjoint scalar in
2d vector multiplet, respectively.
A classical vacuum is chosen as
σdi = (a2, a3) , (5.3)
– 18 –
33 2
3
Figure 4. SU(2) dual to the simple defect in SU(3) gauge theory with Nf = 6.
so that trσd = −a1 = −σ at leading order. Thus, the dual twisted superpotential at the
classical level is related to the twisted superpotential of the original theory through
qd
dWd
dqd
= −q1dW
dq1
, (5.4)
where qd = e
2piiτd and W is from (2.20). One can set τd = −τ1 of the original theory so that
Wd = W . This relation can be checked at higher order by solving the chiral ring equation.
The twisted chiral ring relations of the dual theory are given by
(1 + q)P2(σdi) = q1
3∏
f=1
(σdi −mf ) + q
q1
3∏
f=1
(σdi + m˜f ) , (5.5)
for i = 1, 2. We computed
∑
i(σd∗)i up to second order for massive case and up to fourth
order for massless case and observed that it is minus of σ∗ in (2.20), confirming the duality
relation (5.4).
The duality can also be seen from the instanton partition function by dual Higgsing
prescription. The twisted superpotential obtained via Higgsing prescription of (4.12) can
also be reproduced by
~b = ~a+ (0, 2, 2) , µ = 0 . (5.6)
The resulting partition function looks different from the original one in (4.13) but it yields
the same twisted superpotential of the original theory with a minus sign.
In 3d/5d coupled systems, the Chern-Simons level must be determined for the duality
relation. In the example we are considering, that is an SU(3)[1,2] defect in SU(3) theory
with Nf = 6 hypermultiplets, we found that the duality holds when the CS level is zero.
This fits nicely with the fact that the CS level of the defect in SYM was found to be ±1/2
[29]. Starting from the theory with zero CS level, one can integrate out the matter chiral
fields and generate CS contributions [54, 55] for a simple surface defect in 5d SYM. Then
eq.(3.13) indicates that the CS level should be ±1/2 for SU(3) SYM.
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The chiral ring equations are
(1 + q)P̂2(σdi) = q1
3∏
f=1
(
2 sinh
β(σdi −mf )
2
)
+
q
q1
3∏
f=1
(
2 sinh
β(σdi + m˜f )
2
)
. (5.7)
The vacuum solution
∑
i(σd∗)i is found to be minus of σ∗ given in (3.17).
Applying the dual Higgsing prescription (5.6) to the 5d instanton partition function,
one can obtain the twisted superpotential, which reproduces the negative of vacuum solu-
tion to the original chiral ring equation.
In [29, 44, 56], the duality have been checked using the contour integral expression of
the instanton partition function, where it was interpreted as a different choice of contour
prescriptions.
6 Discussion
We have shown that the vacua of 2d (2,2) sigma models coupled to 4d SQCD such that
the sum of matter charges is zero correspond to the logarithmic derivative of the twisted
superpotential extracted from the instanton partition function of the bulk theory in the
presence of a surface operator. The exponential of 2d FI parameter is identified with
the ramified instanton counting parameter such that the product of them amounts to the
exponential of 4d gauge coupling constant. We have checked that the Seiberg-like dual
theory for the sigma model reproduces the same vacuum solution to the chiral ring. The
twisted superpotential of the dual theory are also obtained from the instanton partition
function by the dual Higgsing prescription. We have performed similar analysis for 3d/5d
coupled systems. The duality holds for a specific value of the CS level. In the example we
have considered the CS term vanished.
One could study more general types of surface operators along the line of this paper.
The equivariant character for the instanton partition function in the presence of a generic
surface defect is known in the literature [14, 15]. In fact, using the character, we have
computed the instanton partition function for some SU(4) theories in the presence of
generic surface operators and found agreement with 2d sigma model results, which was not
reported in the work.
Another way to compute the instanton partition function in the presence of a surface
defect is to use the two-sphere partition function of a suitable (2,2) sigma model by con-
sidering the resolution of the orbifold [57], where D1 branes are wrapped on the blown up
sphere. Other directions of research would include the study of surface defects in four or
five dimensional quiver theories [58], in N = 1 theories [16], and in the context of integrable
systems, where the twisted chiral ring relations correspond to the Bethe equations. [59–62]
A Calculation of quantum vevs
A.1 4d theories
In SU(N) gauge theory with Nf = 2N , the SW curve can be written
y2(x) = (1 + q)2P 2N (x)− 4qBNf (x) (A.1)
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and the SW differential λ(x) is given by
λ(x) = xd log((1 + q)PN (x) + y(x)) , (A.2)
where PN (x) and BNf (x) are the characteristic polynomials (2.8) and (2.9).
The period integral
ai =
1
2pii
∮
ei
λ(x) (A.3)
can be computed by expanding λ(x) in small q. The residue computation can be simplified
using the integration by parts and dropping total derivatives. After finding residues, ei can
be solved in terms of ~a. They satisfy
∑
i ei = 0.
In SU(2) gauge theory with Nf = 4, the quantum vevs are
e1 = a− q
4a3
(3a4 + (m1m2 + m˜1m˜2)a
2 −m1m2m˜1m˜2) +O(q2) ,
e2 = −e1 ,
where
∑
i ai =
∑
imi =
∑
m˜i = 0 have been used.
In SU(3) gauge theory with Nf = 6, they are found for massless case
e1 = a1 − q 2a
5
1(a
2
1 + 3a2a3 − 2a1(a2 + a3)
(a1 − a2)3(a1 − a3)3 +O(q
2) ,
e2 = a2 − q 2a
5
2(a
2
2 + 3a1a3 − 2a2(a1 + a3)
(a2 − a1)3(a2 − a3)3 +O(q
2) ,
e3 = a3 − q 2a
5
3(a
2
3 + 3a1a2 − 2a3(a1 + a2)
(a3 − a1)3(a3 − a2)3 +O(q
2)
For SU(N) theory with Nf ≤ 2N , the curve is
y(x)2 = PN (x)
2 − 4Λ2N−NfBNf , (A.4)
with differential λ = xd log(PN (x) + y(x)). In the case of N = 3 and Nf = 4, e
′
is are given
by
e1 = a1 − Λ2 2a
3
1(2a2a3 − a1(a2 + a3))
(a1 − a2)3(a1 − a3)3 +O(Λ
4) ,
e2 = a2 − Λ2 2a
3
2(2a1a3 − a2(a1 + a3))
(a2 − a1)3(a2 − a3)3 +O(Λ
4) ,
e3 = a3 − Λ2 2a
3
3(2a1a2 − a3(a1 + a2))
(a3 − a1)3(a3 − a2)3 +O(Λ
4) ,
for massless flavors.
A.2 5d theories
The SW curve in 5d SQCD for Nf = 2N can be written
Y 2(x) = (1 + q)2P̂ 2N (x)− 4qB̂Nf (x) , (A.5)
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with the 5d differential
λ̂ = xd log((1 + q)P̂N (x) + Y (x)) , (A.6)
where P̂N (x) and B̂Nf (x) are defined in (3.7). We first perform the integral
ai =
1
2pii
∮
êi
λ̂(x) . (A.7)
For 5d SU(2) theory with Nf = 4,
ê1 = a− 2q
β sinh2 βa
 4∑
i=1
cosh
β(a−mi)
2
4∏
j 6=i
sinh
β(a−mj)
2
− cothβa
4∏
i=1
sinh
β(a−mi)
2
+O(q2)
with ê2 = −ê1. We have used the notation m3 = −m˜1, m4 = −m˜2 and
∑4
i=1mi = 0.
For 5d SU(3) theory with Nf = 6 massless hypermultiplets and zero Chern-Simons
level, the quantum vev’s are given by
ê1 = a1 + q
4 sinh6(β2a1)
β sinh2(β2a12) sinh
2(β2a13)
(
−3 coth(β
2
a1) + coth(
β
2
a12) + coth(
β
2
a13)
)
+O(q2) ,
ê2 = a1 + q
4 sinh6(β2a2)
β sinh2(β2a21) sinh
2(β2a23)
(
−3 coth(β
2
a2) + coth(
β
2
a21) + coth(
β
2
a23)
)
+O(q2) ,
ê3 = a1 + q
4 sinh6(β2a3)
β sinh2(β2a31) sinh
2(β2a32)
(
−3 coth(β
2
a3) + coth(
β
2
a31) + coth(
β
2
a32)
)
+O(q2) ,
where aij = ai − aj .
For 5d SU(3) theory with Nf = 4 massless hypermultiplets, we obtain
ê1 = a1 +
(βΛ)2 sinh3(β2a1)
2β sinh3(β2a12) sinh
3(β2a13)
(
−2 cosh(β
2
(a1 − a2 − a3)) + cosh(β
2
(a1 + a2 − a3))
+ cosh(
β
2
(a1 − a2 + a3))
)
+O(q2) ,
ê2 = a2 +
(βΛ)2 sinh3(β2a2)
2β sinh3(β2a21) sinh
3(β2a23)
(
−2 cosh(β
2
(a2 − a1 − a3)) + cosh(β
2
(a2 + a1 − a3))
+ cosh(
β
2
(a2 − a1 + a3))
)
+O(q2) ,
ê3 = a3 +
(βΛ)2 sinh3(β2a3)
2β sinh3(β2a31) sinh
3(β2a32)
(
−2 cosh(β
2
(a3 − a1 − a2)) + cosh(β
2
(a3 + a1 − a2))
+ cosh(
β
2
(a3 − a1 + a2))
)
+O(q2) .
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